Spinor atom-molecule conversion via laser-induced three-body recombination 
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We study theoretically several aspects of the dynamics of coherent atom-molecule conversion in 
spin-1 Bose-Einstein condensates. Specifically, we discuss how for a suitable dark-state condition the 
interplay of spin-exchange collisions and photoassociation leads to the stable creation of an atom- 
molecule pairs from three initial spin-zero atoms. This process involves two two-body interactions 
and can be intuitively viewed as an effective three-body recombination. We investigate the relative 
roles of photoassociation and of the initial magnetization in the "resonant" case where the dark state 
condition is perfectly satisfied. We also consider the "non-resonant" regime, where that condition 
is satisfied either approximately - the so-called adiabatic case - or not at all. In the adiabatic case, 
we derive an effective non-rigid pendulum model that allows one to conveniently discuss the onset 
of an antiferromagnetic instability of an "atom-molecule pendulum," as well as large-amplitude pair 
oscillations and atom- molecule entanglement. 

PACS numbers: 42.50.-p, 03.75.Pp, 03.70.+k 



I. INTRODUCTION 

Recent years have witnessed rapid advances in the ma- 
nipulation of the spin degrees of freedom of ultracold 
atoms [ll-0|. By magnetically steering tvifo-body colli- 
sions, a broad range of effects has been observed, in- 
cluding atomic magnetism iTHldl. coherent spin mixing 

[m , topological excitations [l2l. and an atomic analog 
of the Einstein-de Haas effect The optical control 

of atomic spin dynamics has also attracted much experi- 
mental interest For example, Dumke et al. 
and Hamley et al. [l5| have investigated the photoasso- 
ciation (PA) diagnosis [13] and PA spectroscopy [l^ of 
spin-1 atoms, opening the way to studies of PA-controUcd 
regular p7j or chaotic [isj spin dynamics. 

In a very recent experiment, the ro- vibrational ground- 
state molecules were successfully prepared via the all- 
optical association of laser-cooled atoms [HI , which has 
triggered the investigation of coherent PA of a wide va- 
riety of ultracold atomic and molecular systems A 
result of particular relevance for the present study is an 
experiment by Kobayashi et al., who used a coherent two- 
color PA technique to create spinor molecules in a spin-1 
atomic Bose condensate [l6j . In particular, these authors 
found that for strong PA couplings the atomic spin os- 
cillations are significantly suppressed and the dominant 
process is scalar-like atom-molecule conversion. That is, 
only the populations of the spin components that are as- 
sociated into molecules arc observed to decrease, while 
the other spin component remains almost unchanged on 
the experimentally relevant timescale [l6j . 

In this paper we show that under appropriate two- 
photon resonance conditions quantum interferences be- 
tween optical PA and atomic spin mixing can lead to 
the existence of a dark state of the spin-down atoms, 
which can in turn be exploited in the stable formation of 
a spinor atom-molecule pair from three initial spin-zero 



atoms. This process, which involves two two-body in- 
teractions, can be thought of as an effective three-body 
spin-exchange effect. The important role of the initial 
magnetization in creating the atom-molecule pairs is also 
analyzed. We also analyze dynamical features that oc- 
cur in the "non-resonant" regime where no dark state is 
formed, including large-amplitude coherent oscillations 
of the atom-molecule pairs population and an antiferro- 
magnetic instability. As such, these manifestations of 
the interplay between two-color PA and spin-exchange 
collisions sheds significant new insight into the study of 
quantum spin gases and ultracold chemistry [20j . 

The article is organized as follows. Section II discusses 
the " resonant" situation where the dynamics of the sys- 
tem is characterized by the existence of a dark state. We 
first introduce our model, which we then apply to the 
description of scalar- like photoassociation [la]. We then 
derive a dark-state condition for the spin-down atoms 
and show that when satisfied, it results in the stable res- 
onant creation of atom-molecule pairs. The role of the 
initial atomic magnetization is also discussed. Section III 
then turns to the non-resonant regime. We show that in 
that case the system can be described in terms of a non- 
rigid pendulum model. Two important dynamical mani- 
festations of this regime, large-amplitude atom-molecule 
oscillations, and a regime of antiferromagnetic instability 
are explicitly discussed. Finally Section IV is a summary 
and conclusion. 



II. THE MODEL 

This section introduces our model and exploit it to 
describe the main features of scalar-like PA [la] . We also 
discuss a regime of stable atom-molecule pair formation, 
and analyze the role of initial magnetization in the system 
dynamics. 
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FIG. 1: (Color online), (a) Schematic of colierent two-color 
PA in a spin-1 atomic condensate. Here 5 and A are the one- 
and two-photon detunings of the laser fields with Rabi fre- 
quencies f7i,2(t), and 7 accounts for the spontaneous decay of 
the excited state \m). (b) Scalar- like atom-molecule conver- 
sion as observed in a recent experiment of Kobayashi et al. 
[1^ . (c) Effective three-body recombination resulting from 
the interplay of two two-body interactions (see text). 



A. Theoretical model 

The system that we consider is illustrated in Fig. 1. It 
consists of a spin-1 atomic condensate undergoing spin- 
changing two-body collisions and coupled via 2-photon 
coherent PA to a ground-state diatomic molecular con- 
densate. 

Denoting by tpi,j=o,±i a-nd V'm,g the annihilation oper- 
ators of the three atomic components and of the excited 
or ground-state molecules, respectively, the Hamiltonian 
of the binary atomic and molecular condensate is {h = 1) 



H ^Ho + Hcon + npA, 



(1) 



where 



•Ho = dr 



J2 4'^iV + E^)i'^ 



n 



coll 



5/* 



dr 



(2) 

(3) 
•(4) 



Here V is the trap potential, £",; is the energy of the spin 
state i with a static magnetic field lifting their degener- 



acy, Ff^^x.y.z are spin-1 matrices, and 



and 



c'o = 47r(ao + 2a2)/3M 



4 = 47r(a2 - ao)/3M 



where ao,2 are s-wave scattering lengths [8|. Finally 
= {1,2} are the Rabi frequencies of the PA fields, 
and 7 is a phenomenological decay factor. The detun- 
ings S and A between the PA fields and the atomic and 
molecular levels are defined in Fig. 1. We have ignored 
the kinetic energy of the particles by assuming a dilute 
and homogeneous ensemble. Note also that this model 
ignores collisions between the molecules since there is cur- 
rently no knowledge of their strength. 

To extract the main aspects of the system dynamics we 
invoke a single-mode approximation, a simplification that 
has proven successful in describing key aspects of related 
systems in the past 0, |^, [l^ . It amounts to approximat- 
ing the fields operators of the three spin components of 
the atomic condensate as 



ipi{f,t) = V Nat{t)(j){f)cx.p{~ifit/h), 

where N is the initial atomic number, fi the chemical po- 
tential, (j){r) is the normalized condensate wave function 
for each spin component, satisfying 'Hg(j){r) — fi4>{r) with 
/ df|0(f)|2 = 1, and a,(t) are bosonic annihilation oper- 
ators. The molecular condensate is described likewise 
in a single-mode approximation, with the annihilation 
operators m and g describing excited and ground-sate 
molecules. 

For large enough detunings d the intermediate molec- 
ular state |m) can be adiabatically eliminated [2l1 |. sim- 
plifying the Heisenbcrg equations of motion of the atom- 
molecule system to 



da^ 
dg 

where 



X2(p+ + Po - P-)a+ + X2aoa!^, 

X2(/0+ + P~)aQ - i^P-CiQ + 2x2a+a_aJ + fJ^aL, 

-Fa- + X2ao"+ + ^9^1, 

naod- + {A + S - S')g, (5) 



C0,2 



S' 



I 

Co, 2 



dr|0(r)|^ 



coNS 



1 



17 
2S 



(6) 
(7) 



and we have introduced the dimensionlcss variables t 
coNt, X2 = C2/C0, uj ^ nj/{cnN5), F = ujpo - X2{P- 
Po - P+), and 



cqNS' 



3 




5 10 15 20 

t(ms) 



FIG. 2: (Color online) Scalar-like atom-molecule conver- 
sion of *^Rb atoms, with essentially unchanged population 
of the spin- up state [l^. The initial condition is / = 
[^/a2, 75^, Vfe], and = n„sech(t/4) with |n„/x2| = 
1.44 X 10* [ill. The other parameters are X2 = —0.01, 
S = -100x2, 7 = 10|X2|, and CqN = lO^s'^ 



B. Scalar-like photoassociation 

In their recent experiment on two-color PA of the 
spinor atoms ^'^Rb [la], Kobayashi et al. observed the 
spin-selective formation of the molecular state |2,— 1) 
from reactant atoms in the state |1,— 1) and |1,0). One 
important feature of their experimental results is that 
while the populations of the reactant atoms decreased, 
the population of the state |1,1) remained almost un- 
changed. This is the situation illustrated in Fig. 1(b) 

To test our model against that experiment we as- 
sume that the energy degeneracy of the atomic mag- 
netic sublevels is lifted by a static magnetic field and 
that the atomic condensate is initially prepared in the 
state / = [V^, VO^, VO^] [Hi- The experiment used 
two lasers of maximum powers Ii = /2/2 = lOW , detun- 
ing 5 = 211 X 300MHz and = 7MHz(Wcm'^)-5 , 
which yields in our case 57i = 139 MHz and VI2 =197 
MHz. As we will see in the following these values are 
well beyond the regime of atom-molecule pair formation, 
and as illustrated in Fig. 2 our model does confirm that 
the two-color PA of atoms into molecules is scalar-like in 
this case. 
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FIG. 3: (Color online) Atom-molecule pairs formation as a 
function of time for *^Rb atoms, under the dark state condi- 
tion for spin-down atoms. The initial state is / = [0, 1, 0] and 
the other parameters are the same as Fig. 2. 

of appropriate wavelengths selectively combine a spin- 
down atom and a spin-0 atom into the molecular ground 
state \g) via a virtual transition to an excited molecular 
|m), Aq -I- — >■ AqAi^ [l^. The outcome of these com- 
bined mechanisms is the creation of an atom-molecule 
pair from three spin-0 atoms, 3^o ^ ^^o^j, + A^, & pro- 
cess that can be intuitively thought of as an effective, 
spin-dependent three-body recombination. As such, this 
process is quite different from both the scalar-like PA of 
the previous subsection |l6[| and the purely atomic laser- 
catalyzed spin mixing [l7|. 

We found numerically that in this case the stable atom- 
molecule pair formation is possible, provided that the 
dark-state condition 

m = (8) 

V Pg 

for the spin-down atomic state is satisfied [13, [1^ • This 
result is easily confirmed from Eqs. ([5]), which show that 
when condition ((5|) is satisfied the spin-down atomic state 
remains essentially unoccupied. That situation is illus- 
trated in Fig. 3, which shows the efficient stable creation 
of atom-molecule pairs in this case. 



D. Role of magnetization 



C. Stable atom- molecule pair formation 

The scalar-like photoassociation sketched in the previ- 
ous subsection results from the binding of a pair of Rb 
atoms of spin-0 and spin-down. We now consider the case 
of PA from spin-0, but in the presence of spin-changing 
collisions, the situation sketched in Fig. 1(c). Specifi- 
cally, we assume that the atomic condensate is initially 
prepared in the spin-0 state |1,0). Spin-exchange colli- 
sions couple then a pair of spin-0 atoms to a pair of atoms 
with opposite spins, 2Ao — )■ A4, -I- [l5|, while PA fields 



The initial magnetization 

M=p+- p- 



Pg 



(9) 



of a spin gas prepared in the state / = [0, 1, 0] is = 0. 
In this subsection wc consider the role of that initial mag- 
netization in the creation of atom-molecule pairs. We 
find that in contrast to the case of scalar-like molecule 
formation, the initial magnetization now plays a signifi- 
cant role, as illustrated in Figs. 4 and 5. 

Figure 4 shows the evolution of the population of 
ground-state molecules for several values of the initial 



t(ms) 

FIG. 4: (Color online) Spinor molecules population for several 
values of the initial magnetization A4 under the dark-state 
condition, with X2 ~ —0.01 and S = 100|x2|. The stable 
formation of spinor molecules is possible only for M > 0. 




FIG. 5: (Color online) Large-amplitude oscillations of the 
spinor molecules population for negative values of the mag- 
netization A4 < 0. All other parameters are as in Fig. 4. 

magnetization, under the generalized dark-state condi- 
tion (|8]). For > the ground-state molecules are 
produced efficiently and reach a steady-state population 
Pg = {1 — for < 0, in contrast, this popula- 

tion exhibits large oscillations - see also Fig. 5, which 
shows more details of the oscillations of pg for negative 
magnetizations - and do not appear to reach a steady 
state. This is due to the simple fact that for M < 0, the 
populations of spin-down atomic state are not zero and 
thus that state is a "bright" state that does not remain 
uncoupled to the other atomic states during association. 

III. NON-RESONANT REGIME 

The dynamics of atom-molecule pair formation in the 
case of negative magnetization indicates that the pres- 
ence or absence of an atomic dark state plays a key role 
in that process. In this section we further investigate the 
"non-resonant" situation where no dark state exists. We 
consider specifically two examples: The first one is an 
'adiabatic' case characterized by an approximate dark- 
state condition. In this case the system dynamics can 
be understood in terms of an effective nonrigid pendu- 
lum model that permits to discuss an antiferromagnetic 
instability of the atom-molecule pendulum. In a second 
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FIG. 6: (Color online) Coherent atom-molecule oscillations 
as a function of time for *^Rb atoms. The dashed line is the 
population of the spin-up atoms. The initial atomic state is 
/ = [0, 1, 0], — 0.75|x2|, and the other parameters are as in 
Fig. 2. 

example, we briefly discuss a situation where the dark- 
state condition is strongly violated. 

A. Adiabatic case 

Figure 6 shows an example of atom-molecule-pair os- 
cillations for a non-resonant situation and starting from 
spin- ^^Rb atoms. (Note that pair formation implies 
that p^ Pg.) As would be intuitively expected, the 
numerical integration of Eqs. ([5]) confirms that the cre- 
ation of atom-molecule pairs is only possible for PA field 
strengths that allow for the simultaneous occurrence of 
spin-exchange collisions and atom-molecule conversion. 
For the initial atomic state / = [0,1,0], we find that the 
Rabi frequencies of the PA fields should be such that 

^ = -X2VP0 < IX2I 

or equivalently 

which gives < O.SttMHz, and ^2 < O.GttMHz for the 
case U2/^i = 2 considered here. 

We remark that for an atomic condensate initially pre- 
pared in the spin-0 state, and assuming that the dark- 
state condition ^ is approximately satisfied, the first 
derivatives of the slowly-varying amplitudes for spin- 
down atoms can be neglected, m_ « [l^, UHl- It is 
then possible to describe the system by the approximate 
effective three-state Hamiltonian 

+ ^(f^Vo/5g + X2P0P+) + X2/5o/5+, (10) 

where xs = ^X2/r. The first term in this Hamiltonian 
describes the creation of atom-molecule pairs from three 
spin-0 atoms through a laser-induced effective three-body 
recombination 1261. 
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For short enough times, it is possible to neglect the 
depletion of the spin-0 population and to treat dg as a 
c- number, do — > N^^^. Linearizing the Hamiltonian ([T0| . 
the second line reduces then to a simple self-interacting 
contribution, and the Heisenberg equations of motion for 
the remaining operators d+ and g have the solution 

a+{t) = d+(0)coshx3i-ig^(0)sinhx3i, 

g{t) = ,9(0) cosh X3i-«aU0)sinhx3t, (H) 

with Xg = N^^^xs- These solutions are well-known to be 
indicative of quantum entanglement of the created atom- 
molecule pairs. As such this system is formally a matter- 
wave analog of optical parametric down conversion in 
quantum optics [l|, [13] • 



B. Antiferromagnetic instability 

Within the mean-field approach, the spatial part of 
the atomic and molecular wave functions can be written 



as Vn e v*/'*^^^ where Cx/pT^'^' \JTa^^^Z, ^'^^ repre- 



sents the phase of the z-th Zeeman state 0] . Within this 
description the dynamics of the system can be expressed 
in terms of the coupled equations 



e + x2(n 

3 3m 



-A^-2po) + ^[X2Po(3 



0^ + (A + 5 - 



5po 

^2 2 2 
^X2 Vp^[(1 - Po)(9 - 13po) - 9X'] 



2r 



^(1 



where 



and 



= 30n- 



m 

cos 9, 



4po) 



(12) 



(13) 



(14) 



These nonlinear equations support the two phase- 
independent fixed-point solutions po = and po = 
1 — as well as phasc-dcpcndcnt solutions for 6* = 

or TT. 

Equations (jl2[) describe a nonrigid pendulum with en- 
ergy functional 



Ai cos 6 + X2 



(15) 



where 



^ Po 

A2 — — 



X2P0 U + o-^ - o/'o 



- Po(e + ^+A + S-5' 
+ X2Po(l + -po)- 
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FIG. 7: (Color online) Surfaces of dE/dM = (green solid 
lines) for (a) ferromagnetic *^Rb atoms (9 = 0, X2 = —0.01); 
and (b) anti- ferromagnetic ^"^Na atoms [9 — tt, X2 = 0.01). 
The red forbidden line is determined by the condition of con- 
served total atomic number or po + \ A4\ < 1 (see Ref. [27|). 



This approach allows one to study simply the stability 
of the magnetic domain structure of the system. Specifi- 
cally, we follow the approach of Ref. [13] and consider in- 
stabilities associated with a change in the sign of d£ /dAi . 
For example, dE/dM > for > and dE/dM < 
for < implies that the magnetization always os- 
cillates around zero, and no domain forms. Following 
this approach we find that, in contrast to the situa- 
tion for purely atomic gases [13, [13: ^n. instability of 
the domain structure can occur for both ferromagnetic 
and anti-ferromagnetic atoms. One finds readily from 
Eqs. ([T5 |) and ([TC I) . 



d£ 
dM 



3X3 
2 

3po 
2F 



M 



1 - 



3/2 , 

Pq cost 



^{l-poY-M^ 
(xIpo-^^)- 



X2P0 



(17) 



(16) 



Figure 7 shows the resulting surfaces of d£/dM = 
for the ferromagnetic and anti-ferromagnetic cases. The 
plus or minus sign denotes d£/dM > or d£/dM < 0. 
Here the condensate size is already assumed to be much 
larger than the healing length Cs ~ / ^ 'lM\d^n at 
least in one direction so that instability-induced domains 
can appear [27j . 

As already mentioned, for d£/dM < an increase 
in M leads to lower energy while for d£/dM > it 
leads to a higher energy. Hence the (-I-, -) boundary 
delimitates the domain of dynamic instability (see e.g. 
Ref. [13] for more details). We observe that in contrast 
to the case of a pure sample of ^^Rb atoms, which is 
characterized by a wide instability region [1^ , in the case 
at hand this region can be significantly reduced by an 
appropriate tuning of the lasers. We also note that in 
the case of anti-ferromagnetic atoms such as ^^Na, where 
no dynamical instability exists for a pure atomic sample. 
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for our hybrid system, an instability can now develop for 
a wide range of parameters, see Fig. 7b. 

One point to emphasize is that the antiferromagnetic 
instability can be experimentally observed without any 
laser fields, i.e. for f2 = - although these fields are 
of course required for the formation of molecules. We 
also remark that the spin mixing of spin- 2 molecules 
is slow enough in comparison with the effective three- 
body recombination process that it can be safely ignored 
here. However, thermalization and spontaneous decay 
of the ground-state molecules are expected to be major 
challenges for the observation of coherent oscillations of 
atom- molecule pairs [H . 



C. Violation of the dark-state condition 

As a final special case we now consider the situation 
when |0/x2| > 1, in which case the dark-state condi- 
tion ([5]) is completely violated. Figure 8 shows that for 
increasing values of ri/x2, the amplitude of the oscil- 
lations in molecular population first increase, and then 
decreases until |ri/x2| = 1- Beyond that critical value 
the molecular oscillations become strongly damped, and 
eventually population transfer to the molecular ground 
state essentially disappears, as illustrated in the figure for 
|ri/X2 = 1-5. As illustrated in Fig. 8(b) the population 
oscillations of spin-0 atoms is also strongly suppressed in 
that regime of strong PA. 

Finally Fig. 8(b) also illustrates how different choices 
of the initial atomic state result in different dynamics 
of the spinor atom-molecule system. In particular, an 
atomic sample initially in the spin-0 state remains com- 
pletely unperturbed by the strong PA fields (far from 
the dark-sate resonance condition) . Note that the scalar- 
like atom-molecule conversion illustrated in Fig. 2 corre- 
sponds to fields that strongly violate the condition 
with |0/x2| = 1.44 X 10'' > 1. In that case the only 
parameters of practical relevance are the initial atomic 
state and the strengths of the PA fields. 



IV. SUMMARY AND CONCLUSION 

In conclusion, we have studied a number of aspects of 
coherent photoassociation in a spinor Bose condensate, 
with emphasis on the creation of atom-molecule pairs 
from the initial spin-zero atoms. This process, which 
involves two two-body interactions, can be conveniently 
described by an effective three-body spin-dependent re- 
combination mechanism - the term "three-body recom- 
bination" being used here to differentiate our proposal 
from the recent two-color PA experiment (that involves 
the scalar-like association of spinor atoms) [l6| . We have 
shown in particular that the spin-down atoms can be 
kept in a dark state for appropriate conditions in both 
the initial states of the atoms and PA fields, leading to 
the formation of atom-molecule pairs. For comparison we 
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FIG. 8: (Color online) (a) IVIolecular oscillations for several 
values of |n/x2|, which label the curves, and the initial atomic 
state |0, 1,0). (b) Atomic spin populations for the initial 
atomic states = |0, 1,0) and 1/2) = j \/a25 , \/a5, \/a25) , 
and for jfi/xal ~ 1-5. Other parameters are as in Fig. 2. 



also considered the regimes with PA fields strong enough 
to violate the dark-state condition. 

Although it shares the similar usage of PA fields and 
spin-dependent collisions, the present work is different 
from previous results on laser-catalyzed atomic spin os- 
cillations 



17| 



which did not involve the formation of 
molecules. In addition, the simulations of experimentally 
observed scalar-like features in associating spinor atoms, 
the study of the roles of magnetization and of the initial 
atomic state, and the antiferromagnetic instability of a 
hybrid atom-molecule system are also the new results. 

In view of the rapid experimental advances in all- 
optical association of laser-cooled atoms [l^, it can be 
expected that the coherent PA of quantum spin gases, in 
particular, the atom-molecule pair formation in a spinor 
sample, should become experimentally observable in the 
near future [l6j . Laser-controlled spinor reactions can 
provide a new testing ground to address a number of 
questions in many-body physics, cold chemistry, and 
quantum information science. Future work will study the 
creation of hetcronuclcar spinor molecules from a two- 
species atomic spin gas [29l |. and the spinor reactions in 
an optical lattice [30[, with and without the long-range 
dipole-dipole interactions [l^l • We also plan to s tudy the 
cavity-assisted amplification of spinor molecules [3l| , the 
bistability of a spinor atom-molecule "pendulum" [3^ . 
and the spinor trimer formation (20l . Issj . 
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